A graph is k-total colourable if there is an assignment of k different colours to the vertices and edges of the graph such that no two adjacent nor incident elements receive the same colour. In this paper, we determine the total chromatic number of some Cartesian and direct product graphs by giving explicit total colourings. In particular, we establish the total chromatic number of C n K 2 and K n × K 2 , which we use to determine the total chromatic number of other various graphs.
Introduction
All graphs considered in this paper are finite and simple. A total colouring is an assignment of colours to vertices and edges (elements) so that any two adjacent or incident elements receive different colours. The minimum number of colours needed for a proper total colouring is called the total chromatic number of G, which is denoted χ ′′ (G). Bezhad [1, 2] and Vizing [10] independently conjectured, in what is now known as the Total Colouring Conjecture (TCC), that for any graph G, the following inequality holds:
where ∆(G) is the maximum degree of G. Graphs that require only ∆(G) + 1 colours are called type I graphs whereas graphs that require ∆(G) + 2 colours are called type II graphs.
The graph products that we will explore are the Cartesian and direct graph products. The Cartesian graph product of G and H is a graph, denoted G H, whose vertex set is V (G) × V (H) and for which vertices (u, v) and (u ′ , v ′ ) are adjacent if and only if u = v and u ′ v ′ ∈ E(H) or u ′ = v ′ and uv ∈ E(G). The direct product of G and H is a graph, denoted G × H, whose vertex set is V (G) × V (H) and for which vertices (u, v) and (u ′ , v ′ ) are adjacent if and only if uu ′ ∈ E(G) and vv ′ ∈ E(H). For a summary of other graph products, we recommend [4] by Hammack et al. A lot of work has been done on the total colouring of Cartesian graph products. The biggest result is that the TCC holds for G H if the TCC holds for each of G and H [11] . Since then, research has been focused on determining which Cartesian product graphs are type I or type II. Tong et al. [9] showed that the Cartesian product graphs C m C n are type I. Seoud [7, 8] proved that P m P n are type I graphs for n, m ≥ 2, except P 2 P 2 , which is type II. Kemnitz and Marangio [5] proved that if G P 2 is type I, then G H is also type I for any bipartite graph H. This result by Kemnitz and Marangio is the motivation for the first section in this paper.
For direct graph products, not as much is known. Geetha and Somasundaram [3] proved that K n × K n is type I if n ≥ 4 and n is even. They also proved partial results towards the conjecture that C n × C m are type I graphs. Pranavar and Zmazek [6] proved that P m × P n and C m × P n are type I for n, m ≥ 3. It is still an open problem to prove that if G and H satisfy the TCC then G × H will satisfy the TCC.
In this paper, we give results for Cartesian and direct product graphs. For Cartesian product graphs, we prove that if n = 5, then C n P 2 is type I. For direct product graphs, we prove that if G × P 2 is type I, then G × H is type I for any bipartite graph H. Furthermore, we show that the crown graph, K n × P 2 , satisfies this condition. We then use the total colouring of K n × P 2 to prove that K n × K m is a type I graph if n or m is even. Lastly, we prove that all n − 2 regular graphs G, where n = |V (G)|, satisfy the TCC.
2 Total Chromatic Number of C n P 2 It is already known that C 5 P 2 is type II [11] . In this section, we prove that if n = 5, then C n P 2 is type I. We distinguish cases depending on the congruence class of n modulo 3. If n ≡ 0(mod 3), then C n is a type I graph with ∆(C n ) > ∆(P 2 ). Hence we apply the following corollary by Zmazek.
Corollary 2.1 (Zmazek [11] ). If ∆(G) ≥ ∆(H) and G is type I, then G H is type I.
So it remains to check the cases n ≡ 1(mod 3) and n ≡ 2(mod 3). We consider the cases n = 4 and n = 8 separately. These graphs are type I as shown in To prove the remaining cases, we show that there is a total colouring of C n P 2 , that when restricted to some induced subgraph H in Figure 2 .3, is the total colouring in Figure 2 .4. If a graph G has a 4 total colouring with this property, we say that G has a special total colouring. Proof. We prove this lemma by using induction. First, C 7 P 2 and C 11 P 2 have special total colourings as shown in Figure We prove if C k P 2 has a special total colouring, then C k+3 P 2 has a special total colouring. Notice that we can obtain C k+3 P 2 from C k P 2 by using the following graph operations. First, subdivide the edges x 1 x 2 and y 1 y 2 in the induced subgraph H three times. Let u 1 , u 2 , and u 3 be the vertices added by subdividing the edge x 1 x 2 . Let v 1 , v 2 , and v 3 be the vertices added by subdividing the edge y 1 y 2 . Next, add in the edges u 1 v 1 , u 2 v 2 , and u 3 v 3 . The resulting graph after this process is C k+3 P 2 . Now, apply the total colouring of C k P 2 − {x 1 x 2 , y 1 y 2 } to C k+3 P 2 . All that remains is to finish the total colouring in Figure 2 .7. We do this as shown in Figure 2 Notice that the total colouring in Figure 2 .8 is a special total colouring. Hence C 3+k P 2 has a special total colouring. Therefore by induction, C 7+3m P 2 and C 11+3m P 2 are type I graphs. Applying Theorem 2.3 to the result of Kemnitz and Marangio [5] mentioned in the introduction, we obtain the following corollary.
Corollary 2.4. If n = 5, then C n H is a type I graph for any bipartite graphs H.
This concludes our research on Cartesian product graphs. The remaining sections of this paper will be focused on direct product graphs and their applications.
3 Direct Product With Bipartite Graphs. Kemnitz and Marangio [5] proved that if G P 2 is type I, then G H is type I where H is any bipartite graph. The analogous result has also been proved for the strong graph product [3] . Here we prove the analogous result for the direct graph product. In the cases with the Cartesian and strong graph product, the proofs utilized that the product graph had copies of G and H. We are not guaranteed to have copies of G or H in the direct product graph though. However, the direct product with a bipartite graph, is necessarily a bipartite graph. It is well known that bipartite graphs have ∆ edge colourings, which we take advantage of in the following proof.
Proof:
Suppose that H is a bipartite graph with the following bipartition of the vertices: {x 1 , x 2 . . . , x n } and {y 1 , y 2 , . . . , y m } with n ≤ m. Suppose that G × P 2 is a type I graph and that G has vertices v 1 , v 2 , . . . , v r . We can now partition the vertices of G × H into the following sets:
Label the vertices of P 2 as z 1 and z 2 . In G × P 2 , partition the vertices into two equal sets,
Now, colour the vertices in each X i , for 1 ≤ i ≤ n, according to how the vertices in Z 1 would have been coloured in G× P 2 . Then colour the vertices in each Y j , for 1 ≤ j ≤ m, according to how the vertices in Z 2 would have been coloured in G × P 2 . Since X is a bipartition of H, none of the vertices in any of the sets X i are mutually adjacent. Similarly none of the vertices in Y j are mutually adjacent. Notice that if x i ∼ y j , then the induced subgraph on the vertices X i ∪ Y j is isomorphic to G × P 2 . So there is no colour conflict between the vertices. It remains to extend this colouring to the edges.
Since H is a bipartite graph, it is ∆(H) edge colourable. Take any one edge colour class in an edge colouring of H. Since this is a ∆(H) edge colouring, all of the vertices with maximum degree in G will be an endpoint of one edge in this collection. Now in G × H, if x i y j is in the collection of the edge colour class of H, then colour the edges between X i and Y j according to the total colouring of G × P 2 . Now we have coloured ∆(G) of the edges incident to the vertices with maximum degree in G × H. So the remaining edges to be coloured are in an induced subgraph of G × H with minimum degree (∆(H) − 1)∆(G). But G × H is a bipartite graph with bipartition X 1 ∪ X 2 ∪ · · · ∪ X n and Y 1 ∪ Y 2 ∪ · · · ∪ Y m . Thus we can colour the remaining edges with (∆(H) − 1)∆(G) colours. So we have a proper total colouring using (∆(H) − 1)∆(G) + ∆(G) + 1 = ∆(H)∆(G) + 1 = ∆(G × H) + 1 colours. Therefore G × H is a type I graph as wanted. Now that we have Theorem 3.1, we want to find classes of graphs such that G × P 2 is type I. For example, C n × P 2 is type I iff n ≡ 0(mod 3) and n is even. Thus in this case, C n × H is type I for any bipartite graph H. In the next section we give another family of graphs that satisfy this condition.
Total Colouring of the Crown Graph
The crown graph on 2n vertices, denoted J 2n , is a graph with the following vertex and edge set
Equivalently, J 2n can be viewed as K n × P 2 . In this section, we show that the crown graph satisfies the TCC. The following lemma will establish the total chromatic number of J 2n if n is odd. The case when n is even will follow. Lemma 4.1. If n is odd, then J 2n is a type I graph.
Proof: Suppose n is odd and note that ∆ J 2n = n − 1. Therefore we will prove that J 2n is a type I graph by giving an explicit total colouring using the colours {0, 1, 2, . . . , n − 1}. For all i, where 0 ≤ i < n, colour the vertices u i and v i with the colour i. This will not result in any conflict because u i is not adjacent to v i . Now all that remains is to extend this colouring to the edges.
For each edge u i v j , where i = 0 and j = 0, assign the colour (i + j)(mod n) to that edge. Note that this assignment of colours will not conflict with the colours of vertices u i and v j . Also note that all the coloured edges incident to the same vertex receive different colours. Now for each i, where 1 ≤ i ≤ n − 1, since the edge u i v i does not exist, the colour 2i(mod n) is not used on any edge incident to u i (likewise v i ). Thus we will assign the colour 2i(mod n) to the edges u i v 0 and u 0 v i . For illustration, we apply this total colouring to J 10 as shown in Figure 4 Note that {2i : i ∈ Z n \{0}} = Z n \{0} because n is odd. Thus all the coloured edges incident to u 0 (and v 0 ) receive different colours and do not conflict with the colours of vertices u 0 and v 0 . We thus have a total colouring J 2n using n colours as wanted.
This total colouring can also be viewed as a completed Latin square. Let (r i , c i ) be the entry in row i, column j for i, j = 0, 1, . . . , n − 1. Then let (r i , c i ) have the entry i and let (r i , c j ), for i = j, have the entry that is the colour assigned to the edge v i u j in the total colouring of J 2n . Then any incident or adjacent element are in the same row or column, or on the main diagonal. Therefore this assignment is a proper total colouring if and only if the result is a Latin square with different elements on the diagonal. For example, the total colouring in Figure 4 .1 can be represented as the Latin square in Figure 4 Now all that remains is to establish the total chromatic number of J 2n when n is even. Note that we cannot use the same colouring argument that was used in the proof of Lemma 4.1. This is because if n is even, then n and 2 are not relatively prime. Hence the sets {2j(mod n) : j = 0} and {1, 2, . . . , n − 1} are not the same. However, viewing this problem as finding a Latin square with different elements on the diagonal, we can obtain the same result. Proof: As before, let (r i , c j ) be the entry in row i, column j, for 0 ≤ i, j < n. First, assign the colour i to the entry (i, i), giving us the following matrix.
Next, colour (i, j) for i < n − 2 and j < n − 1 with colour i + j + 1 if i < j and colour i + j + 2 if i > j. Then colour the entries (i, n − 1) with colour i + 1. This gives us the following matrix.
Column n − 1 and column n − 2 are only missing one number now so they have to be filled with the numbers 0 and n − 3 respectively. For each j < n − 2, the colours 2j + 1 and 2j + 2 were not used on any entry. Since n is even, the colours missing from column n/2 + m for m < n/2 are the same colours missing from column m. Therefore we can choose 2m + 1 for entry (n − 2, m), 2m + 2 for entry (n − 3, m), 2m + 2 for entry (n − 3, n/2 + m), and 2m + 1 for entry (n − 2, n/2 + m). This gives us the following complete matrix, therefore J 2n is a type I graph.
The last case to consider is the total chromatic number of J 4 ∼ = P 2 × P 2 . This graph is two disjoint P 2 's which is a type II graph. Therefore we get the following theorem. We can now use the total colouring of J 2n to get the total chromatic number of K n × K m when n or m is even.
Theorem 4.5. If n or m is even and n, m ≥ 3, then K n × K m is type I.
Proof: Suppose that n ≥ 4 is even and label the vertices of K n as v 1 , v 2 , . . . , v n and the vertices of K m as u 1 , u 2 , . . . , u m . Partition the vertices of K n × K m into the following sets
Notice that the induced subgraphs on the vertices X 1 ∪X 2 , X 3 ∪X 4 , . . . , X n−1 ∪X n are isomorphic to J 2m . Since m ≥ 3, these induced subgraphs can be coloured with m colours by Theorem 4.3. All that remains is to colour the edges between X i and X j for 1 ≤ i, j ≤ n and j = i + 1. These induced subgraphs are bipartite, so we can colour the edges between X i and X j with m − 1 colours.
Let C 2 , C 3 . . . C n−2 be disjoint collections of m − 1 colours. If j = i + k(modn) for 2 ≤ k < n − 1, then colour the edges between X i and X j with the colours C k . This will properly colour the remaining edges with (n − 2)(m − 1) colours. So now we have a proper total colouring using (n − 2)(m − 1) + m = (n − 1)(m − 1) + 1 = ∆(K n × K m ) + 1 colours. Therefore K n × K m is a type I graph if n or m is even.
It is still an open problem to determine the total chromatic number of K n × K m when n and m are both odd. We do not explore this here however. Next we use the total colouring of J 2n to get an upper bound on all n − 2 regular graphs where n is the size of G. In particular, when n is even, we show that these graphs are type I.
Total Chromatic Number of n-2 Regular Graphs
In this section we apply the total colouring algorithm of the previous section on the crown graph to get another class of graphs that are type I. We saw that we can take a type II graph (K n,n ), remove a perfect matching from it and obtain a type I graph (J 2n ). So we are interested if removing perfect matchings from other type II graphs can result in type I graphs. Here we show that if you remove a perfect matching from K 2n , where n > 2, then the resulting graph is type I. To do this we need the following definition.
Definition 5.1. Given a graph and an edge colouring, a perfect rainbow matching is an assignment of colours to a perfect matching such that no two edges in this matching get the same colour. We say that a graph has a k-rainbow edge colouring if it has a k-edge colouring that contains a perfect rainbow matching.
Lemma 5.2. K n,n has a ∆-rainbow edge colouring.
Proof: Let {u 0 , u 1 , . . . , u n−1 } and {v 0 , v 1 , . . . , v n−1 } be a bipartition of the vertices in K n,n . First, for i, j = 0, 1, . . . , n − 1, i = j, colour the edge u i v j according to our total colouring algorithm of J 2n , which uses n colours. Note that in our total colouring of J 2n , the colour i was not used on any of the edges u i v j or u j v i because it was assigned to u i and v i . Hence we can assign the colour i in the edge colouring of K n,n to u i v i and get a proper edge colouring using n colours. The perfect matching {u 0 v 0 , u 1 v 1 , . . . , u n−1 v n−1 } has the colours 0, 1 . . . n − 1 on the edges respectively, which is a perfect rainbow matching. Therefore K n,n has a ∆-rainbow edge colouring. Lemma 5.3. If G has a ∆(G)-rainbow edge colouring, then G minus a perfect rainbow matching is a type I graph.
Proof:
Let M = {e 1 , e 2 , . . . , e ∆(G) } be a perfect rainbow matching in G using the colours 1, 2, . . . , ∆(G). Colour E(G − M ) according to the ∆(G)-rainbow edge colouring of G restricted to G − M . Next, colour the endpoints of each e i , where i = 1, 2, . . . , ∆(G), with the colour i. The edges incident to e i did not receive the colour i because otherwise it would contradict that the edge colouring of G was proper. So there is no colour conflict with the edges. The vertices adjacent to the endpoints of e i did not receive the colour i because otherwise it would contradict that the edge colouring was a rainbow edge colouring. Therefore we have a proper total colouring of G − M using ∆(G) = ∆(G − M ) + 1 colours. Hence G − M is a type I graph.
We use Lemma 5.2 to show that K 2n has a ∆-rainbow edge colouring. Applying this to Lemma 5.3 gives us the desired result.
Theorem 5.4. If n > 2, then K 2n minus any perfect matching is a type I graph.
Proof: Label the vertices of K 2n as u 0 , u 1 , . . . , u n−1 , v 0 , v 1 , . . . , v n−1 . Let H be the subgraph with V (H) = V (G) and E(H) = {u i v j : i, j = 0, 1, . . . , n − 1}, so H ∼ = K n,n . Then by Lemma 5.2, we know that H has an n -rainbow edge colouring. Apply this rainbow edge colouring to the induced subgraph H. We now want to extend this colouring to the edges u i u j and v i v j . These edges are precisely the edges in two disjoint copies of K n . We now do case distinction on the parity of n.
Suppose that n is even, then K n has an n − 1 edge colouring. So we can introduce n − 1 new colours to colour the edges u i u j and v i v j . Hence we have an edge colouring of K 2n using n + n − 1 = 2n − 1 colours that contains a perfect rainbow matching. Therefore by Lemma 5.3, K 2n minus this perfect matching is a type I graph.
Suppose that n is odd, then an edge colouring of K n requires n colours, so we cannot use the same argument as the previous case. We colour the edges of each copy of K n in the following manner. Doing all arithmetic in modulo n, assign the colour i to the edges u i−m u i+m for 1 ≤ m ≤ (n − 1)/2. Assign the colour n − i to the edges v i−m v i+m . Notice that u i and v n−i do not have the colour i assigned to any of the edges incident to them and that u m u n−m and v m v n−m are assigned the colour 0.
Consider the edge colouring of H. The edges u i v n−i are assigned the colour n for i = 1, 2, . . . , n− 1. The vertex u i and the vertex v n−i are both missing the colour i from their incident edges. So we can replace these instances of the colour n with the colour i. Now there are no edges incident to u i or v i with the colour n assigned to them for i = 1, 2, . . . , n − 1. So we can replace the colour 0 assigned the edges u m u n−m with the colour n. Now there are no instances of the colour 0. We now have an edge colouring using 2n − 1 colours that contains a perfect rainbow matching. Therefore by Lemma 5.3, K 2n minus this perfect matching is a type I graph.
Notice that all graphs with ∆(G) = n − 2 are induced subgraphs of the graphs obtained from removing a perfect matching from K n . Therefore we get the following corollary.
Corollary 5.5. If G is a graph of order n with ∆(G) ≥ n − 2, then G satisfies the TCC.
Proof. If ∆(G) = n − 1 then G = K n , which satisfies the TCC. If ∆(G) = n − 2 and n is even, then by Theorem 5.4, we get that G satifies the TCC. If ∆(G) = n − 2 and n is odd, then we can use the total colouring of K n restricted to the induced subgraph G, which is a total colouring using ∆(G) + 2 colours.
